Treatment of broken symmetry in the Faddeev approach to the strange baryon spectra 
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By solving the Faddeev equations we calculate the mass of the strange baryons in the framework of a relativis- 
tic constituent quark model. The Goldstone-boson-exchange quark-quark interaction is derived from SU(3)f 
symmetry, which is explicitly broken as the strange quark is much heavier. This broken symmetry can nicely be 
accounted for in the Faddeev framework. 

PACS numbers: 21.30.Fe, 12.39.Ki, 21.60.Fw, 14.20.Jn 



I. INTRODUCTION 

In the relativistic constituent quark model most of the 
strange baryons are made of light and strange quarks. In these 
models the quarks are considered to be identical particles. The 
interaction is derived from the exchange of particles, like the 
exchange of Goldstone bosons. However, due to the explicit 
breaking of chiral symmetry the quarks acquire mass, which 
can be quite different. 

In this work we present results from a study of strange 
baryon spectra within a relativistic framework. In particu- 
lar, we demonstrate the performance of the Faddeev approach 
with respect to a relativistic constituent quark model (RCQM), 
where the constituent quarks acquire a dynamical mass due 
to their collective interactions with the QCD vacuum. In 
SU(2) p the symmetry is almost exact but with the incorpora- 
tion of the strange quark, due to explicit symmetry breaking, 
SU(3) f becomes only approximate. The up and down quarks 
are treated as equal mass particles within the framework of 
isospin formalism while the strange quark is treated, as seen in 
nature, as a heavier particle. The relativistically invariant mass 
spectra is obtained by a Faddeev integral-equation method, 
adapted to treating long-range interactions, such as the quark 
confinement. In the Faddeev approach the wave function is 
broken into three components. If some pair of particles are 
symmetric, then the corresponding Faddeev components have 
the same functional form. This allows us to reduce the number 
of components. Here we treat the two light and one strange or 
a two strange and one light quark system in a two-component 
Faddeev model. One component is responsible for the light- 
light or strange-strange pair, while the other one for the light- 
strange pair. This way we retain the SU(i)p limit as the 
interactions are derived from this symmetry, but due to the 
explicit symmetry breaking of the system, the masses of the 
constituent quarks are different, hence we do not impose any 
explicit symmetry between strange and light quarks. 

In Section [II] below we outline the Faddeev approach to 
three-quark systems with a confining long range potential. In 
Section [III] we discuss the consequences of the permutation 
symmetry of the particles on the formalism. Then in Sec- 
tion IV we sketch the Goldstone-boson-exchange model. This 
model is inspired by the work of Glozman and Riska |T 



it has subsequently been elaborated thoroughly by Glozman, 
Plessas and collaborators of the Graz group (see eg. Refs. ]2]- 



5 1 and references therein). In Section[V]we present the results 
of our calculations and finally we draw some conclusions. 



II. FADDEEV APPROACH TO THREE-QUARK 
PROBLEMS 



We consider a three-particle Hamiltonian 



H = H {Q) +v 1 +v 2 + 



V3, 



(1) 



where is the kinetic-energy operator and v a , with a = 
1, 2, 3, are the mutual interactions of the quarks. We represent 
it through the usual configuration-space Jacobi coordinates: 
e.g. xi is the coordinate between particles 2 and 3 and y\ is 
the coordinate between the center of mass of the pair (2, 3) 
and particle 1. 

The kinetic energy operator is given in the relativistic form 



H (0) 



£ 

i=l 



mt 



(2) 



where rrii are the quark masses and k; are the three-momenta 
of the quarks in the reference frame where the total three- 
momentum p = J2i=i = o. 

The quark-quark interaction is a long range confining po- 
tential. In order that we can apply the Faddeev procedure 
along the method presented in Refs. [6-8] we split the quark- 
quark potential into confining and non-confining parts 



,(») 



(3) 



where superscripts c and s stand for confining and short-range, 
respectively. Then the Schrodinger equation takes the form 



H\V) = (tf (c) + v[ s) + 4 S) + = E \*) > ( 4 ) 



with 



and We introduce 



G {c) {E) = (E-H^)- 1 , 



(5) 



(6) 
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and by rearranging Q, we have 

|*)= G^(E)(v[ s) + v { 2 s) + v ( 3 s) )\9) (7) 

= G (c) (E)v[ s) 1 9) + G (c) {E)v { 2 s) | *) + G (c) (E)v { 3 s) \ 9) . 

So, the three-particle wave function \9) naturally splits into 
three components 

I*) = Hi) + l^2> + l^s) , (8) 

where 

|V>a)=G< c ) a = 1,2, 3, (9) 

are the Faddeev components. They satisfy the set of equations, 
the Faddeev equations, 
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Indeed, by adding up these equations and considering |7]) we 
recover the Schrodinger equation. With the help of channel 
Green's operators 

G^(E) = (E-H^-v^)-\ (11) 
we can rewrite Eqs. ( fT0| ) into an integral equation form, 
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Even for such a simple system like a three-quark system the 
wave function 9 can be rather complicated. The quark-quark 
potential for various angular momentum channels may have 
strong attractive and repulsive components. This leads to a 
strong quark-quark correlation in each of the possible subsys- 
tems of the three-quark system, which is hard to describe by 
a single wave function. The Faddeev components possess a 
simpler structure. For example, in Eq. |9|, the short range po- 
tential Vi acting on \9), suppresses those asymptotic struc- 
tures when particles 2 and 3 are far away. Consequently, \ipi) 
contains only one kind of physical situation when particle 1 
is far away and particles 2 and 3 are in strong correlation. A 
similar statement is valid for \4>2) and \ip3). So, with the Fad- 
deev decomposition we achieve a splitting of the wave func- 
tion into parts such that each component possesses only one 
kind of asymptotic behavior and represents one kind of two- 
quark correlations. 

We need to introduce the appropriate angular momentum 
basis. The angular momentum associated with coordinates 
x a and y Q are denoted by l a and A Q , respectively, and they 
are coupled to the total angular momentum L. The spin of 
particles (3 and 7, Sp and S* 7 , respectively, are coupled to s a , 
which is with the spin of particle a, S a , coupled to the total 
spin S. Similarly, the isospin of particles (3 and 7, tp and t y , 
respectively, are coupled to r a , which is with the isospin of 
particle a, t a , coupled to the total isospin T. The angular mo- 
mentum L and spin S are coupled to total angular momentum 
J. So, we adopted LS coupling, which is appropriate if the 
quark-quark interaction does not have tensor terms. 



III. FADDEEV EQUATIONS WITH IDENTICAL 
PARTICLES 

A further advantage of the Faddeev method is that the iden- 
tity of particles greatly simplifies the equations (see eg. Ref. 
1 9 1). If particles (3 and 7 are identical the wave function must 
be symmetric with respect to exchange of these particles. We 
denote V a the operator which exchanges particles (3 and 7. 
Then 

V a \*)=p a \V) (13) 

where 

— (^__'^lc,+S a -S li ~S~ l +T a -t fS -t- l 

if particles carry spin and isospin. The Faddeev component 
for (3 is defined by 

|^> = G< C >«W|¥). (15) 
By applying V a we have 

V a \ipp) = V a G^vf\9) = G^V a v { ; } r aPa \9). (16) 

(s) 

Considering that v\ is the interaction between particles a 
and 7 and the operator P a exchanges particles (3 and 7, we 
get 

V a vfv a =v^\ (17) 

and Eq. ( |T6] > becomes 

p a V a Hp) = G^v^\9). (18) 

The right hand side of this equation is the defining relation for 
\ip-y). So, we can conclude that 

\^)=p a V a \i)p), (19) 
and in a similar manner 

Pat' a My). (20) 

Since V a Va^V a = Va\ we get 

V a \1> a ) = G^V a v^>Vap a \9) = p a \1> a ). (21) 

So, if particles (3 and 7 are identical, then the angular chan- 
nels for \tp a ) have to be selected such that p a = 1 for bosons 
and Pa = — 1 for fermions. On the other hand, the Faddeev 
equation for \ip a ) is given by 

IVO = GUvPMp) + |V 7 » = (l+pMG^\iPp). 

(22) 

We should notice that 1 +p a V a is just twice the symmetrizing 
or anti-symmetrizing operator. If we select the angular basis 
for \tp Q ) such that it ensures the correct symmetry or anti- 
symmetry the value of 1 + p a V a is just 2. 



3 



Putting everything together and assuming that particles 2 
and 3 are identical the three-component Faddeev equation 
simplifies to 



IV>i> 



2G[ c) v[ s) 



G'2 ' V 2 




(23) 



If all three particles are identical Eq. ( 23 1 gets further re- 
duced to one single equation 



|V0 = 2G[ c) v[ s) T 12 3\i>i) 



(24) 



where V123 — V12P23 is the operator for cyclic permutation 
of all three particles Vvzstyi) = | ^2) ■ 

The solution of the Faddeev equations for confining poten- 
tials has been presented in Refs. |8]. We found that the 
simpler and faster method of Ref. [7| and the more elabo- 
rated method of Ref. [8 1 provides results which are in a very 
good agreements with each other. Therefore, in this paper we 
adopted the simpler method. These methods entails a separa- 
ble approximation of the short-range parts of the quark-quark 
potentials on the three-body basis. Our basis is defined as be- 
fore 



{{x a \n){y a \u)} } 



(25) 



where (x\n) are the Coulomb-Sturmian functions. The 
bracket stands for angular momentum coupling and for sim- 
plicity we have suppressed the angular momentum, the 
spin and isospin indexes. In this method we need to 
evaluate numerically the matrix elements 1 (nv\v^ \n'v')2, 
2{nv\v^ \ n' v') 1 and 2 {nv\v^ \n' v') 3, which can be done in 
configuration space representation. The Coulomb-Sturmian 
functions also have a nice analytic form in momentum space, 
which facilitates the evaluation of matrix elements of the 
Green's operator G y a ' as presented in Ref. Q. 



IV. GOLDSTONE BOSON EXCHANGE MODEL FOR 
BARYONS 

We consider baryons with Goldstone boson exchange 
(GBE) quark-quark interaction 



v a = vr t +v*, 



where the confinement potential is taken in the form 



vr f = v + c Xa 



(26) 



(27) 



and singlet 



V*{x a ) = -Vr,>{x*a,)apa 7 , 



(29) 



meson-exchange terms, where a and \ F are the quark spin 
and flavor matrices, respectively. Terms V n , Vk, V v , and V v > 
represent the form factor for tt, K, r], and rf meson exchanges, 
respectively. In this model we assume that in the SU(3) f chi- 
ral limit all quarks are equivalent, specifically up, down, and 
strange current quark masses can be identically set to zero. 
This symmetry is broken in the low energy limit of the theory 
where it is assumed that the baryon mass is only marginally 
dependent on the current quark mass due to the majority of 
the mass being determined by the spontaneous breaking of 
chiral symmetry and the effective confining interaction. The 
quarks acquire a constituent mass due to the spontaneous and 
dynamical breaking of chiral symmetry and, in addition, the 
light and strange quarks acquire different masses due to the 
explicit breaking of this symmetry. However, we need to en- 
sure the symmetry in the chiral limit. Therefore, the exchange 
of Goldstone bosons should be symmetric. This introduces a 
symmetry factor to the pion and kaon exchange terms. 

So, in angular momentum basis we get a flavor dependent 
quark-quark interaction for light quarks 



2 

3^' 



S Q , (30) 



for the light and strange quarks 

yu(d)-s 
v a 

and for the strange quarks 



2p u J d) - s VK-^V n + ^V v ,}^,. (3D 



(32) 



The quarks are spin 1/2 particles and the isospin of the light 
quarks are 1/2 while the isospin of the strange quarks equals 
to 0. So for the symmetry coefficients we have 



P 



u(d) — u(d) 



(-1) 



and 



p u(d)-s = (_ 1 )Ia+.--l j 



(33) 



(34) 



and the T a and S Q isospin-isospin and spin-spin factors are 
given by 



T a = 2t„(t„ + 1) - 3 



(35) 



The chiral potential is a sum of octet 

3 

V a(Xa) = ^ Vir(x a )\p\^ai3a 7 



F=l 



V K {x a )\ F p\* 



F=4 



+V rj (x a ) A 7 ap <t 7 , 



(28) 



and 



2s a (s c 



1) 



(36) 



respectively. 

In the GBE model the spatial parts of the potential is taken 
as sum of two Yukawa terms 



v; 



1 



4-7T 12TOj77lj 



At 
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(37) 
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for 7 = 7T, K, r], and rj . The coupling constant A 7 is assumed 
to have a linear dependency on meson masses 

A 7 = A + K/i 7 , (38) 

where Ao and k are free parameters. In this model the masses 
of quarks and the mesons are fixed parameters, m u = ma — 
340 MeV, m s = 500 MeV, fi„ = 139 MeV, (i K = 494 MeV, 
IJ, n = 547 MeV, /i v > = 958 MeV, and the meson octet-quark 
coupling constant was adopted as gf/47r = 0.67. The other 
parameters for the model were determined by fitting manually 
to the observed baryon spectra. Excellent agreement with ex- 
periment was found with Vq = 416 MeV and C = 2.33 f m~ 2 , 
A = 2.86 fm~\ k = 0.81 and (g a /g s ) 2 = 1.34 ffl. 

It is natural to incorporate l/ conf into and V x into v^ s \ 
In Refs. 1&H81 we showed that in order to avoid the appearance 
of spurious solutions the splitting of the quark-quark potential 
to and should be performed such that in the region 
of physical interest G" do not have poles. To ensure this, 
we add a repulsive Gaussian term to V con{ , which we subtract 
from v x 

v (c) = yconf + aoe -(r/ro) 2 (39) 

and 

v ( s ) =V X - a e- {r/ro)2 . (40) 

The parameters of the auxiliary potential have been taken as 
ao = 3 fm _1 and ro = 1 fm. By this choice of the param- 
eter values any bound states of are avoided below s» 2 
GeV The values of ao and ro also influence the rate of con- 
vergence, but not the final results. The other parameters of the 
calculations are the same as for the light baryons Ref. JS). 



TABLE I. Here we present our results and compare to the variational 
calculations of Ref. |5| and to experiments. All values are given in 
MeV. 



Baryon 


J p 


Faddeev 


Ref. (5) 


Experiment 


A(1116) 


i + 

2 


1133(0) 


1136(0) 


1116 


A(1405) 


1 - 
2 


1561(0) 


1556(0) 


1401-1410 


A(1520) 


3 - 
? , 


1561(0) 


1556(0) 


1519-1521 


A(1600) 


1 + 
2 


1607(1) 


1625(1) 


1560-1700 


A(1670) 


1 — 

2 


1672(1) 


1682(1) 


1660-1680 


A(1690) 


3 _ 

2 


1672(1) 


1682(1) 


1685-1695 


A(1800) 


1 — 

2 


1777(2) 


1778(2) 


1720-1850 


A(1810) 


1 + 
2 


1799(2) 


1799(2) 


1750-1850 


A(1830) 


5 — 
2 


1777(0) 


1778(0) 


1810-1830 


£(1193) 


1 + 
Ij- 


1163(0) 


1180(0) 


1189-1197 


£(1385) 


3 + 
2 


1391(0) 


1389(0) 


1383-1387 


£[1560] 


1 - 
2 


1666(0) 


1677(0) 


1546-1576 


£[1620] 


1 - 
2 


1734(1) 


1736(1) 


1594-1643 


£(1660) 


1 + 
2 


1605(1) 


1616(1) 


1630-1690 


£(1670) 


3 - 
2 , 


1666(0) 


1677(0) 


1665-1685 


E[1690] 


3 + 
2 


1864(1) 


1865(1) 


1670-1727 


£(1750) 


1 - 
2 


1753(2) 


1759(2) 


1730-1800 


£(1775) 


5 - 
? , 


1734(0) 


1736(0) 


1770-1780 


£(1880) 


1 + 
2 


1891(2) 


1911(2) 


1806-2025 


£[1940] 


3 
2 


1734(1) 


1736(1) 


1900-1950 


£ 


3- 
2 


1753(2) 


1759(2) 




5(1318) 


1 + 

1 + 


1345(0) 


1348(0) 


1315-1321 


3(1530) 


1 + 


1526(0) 


1528(0) 


1532-1535 


3[1690] 


2 


1797(1) 


1805(1) 


1680-1700 


3(1820) 


3- 
2 


1787(0) 


1792(0) 


1818-1828 


3[1950] 


5 - 
2 


1875(0) 


1881(0) 


1935-1965 




3 + 
2 


1657(0) 


1656(0) 


1672.45±0.29 



V. THE GBE RESULTS FOR STRANGE BARYONS 



The results of our calculations for the strange baryons are 
given in Table [j] For comparison, we present the results of 
the variational calculation of Ref. |5]. The Faddeev results 
are slightly lower, mostly by a few MeV. Otherwise the agree- 
ment is quite good. Figures [T] and [2] show the agreement with 
experiment. 



VI. SUMMARY AND CONCLUSIONS 

In this work we studied the spectrum of strange baryons. 
We adopted a Goldstone boson exchange model for the quark- 
quark interaction and a relativistic form for the kinetic en- 
ergy. We solved the three-body problem by using the Faddeev 
method. The Faddeev method offers several advantages over 
other more conventional methods that solve a Schrodinger- 
type equation. 

In the Faddeev method the Faddeev components possess a 
simpler structure and they are easier to approximate. Also the 
identity and exchange symmetry of particles are easier to take 
into account. This is especially important as the symmetry in 



the case of strange baryons is delicate. Here we consider the 
light quarks as identical and treat them in the framework of 
isospin symmetry. The light and strange quarks are also iden- 
tical in the chiral symmetric limit of the theory. However, this 
symmetry is explicitly broken in nature hence the exchange 
bosons and quarks acquire mass. Additionally the masses 
of the strange and light quarks acquire different constituent 
masses via dynamical and explicit symmetry breaking. This 
mixture of exact and broken symmetry can be treated nicely 
in the two-component version of the Faddeev method. In our 
method the particles 2 and 3 are identical and the exchange 
symmetry is exact. The symmetry between particles 1 and 2 
or 3 is broken. The fact that it is an exact symmetry in the 



chiral limit is ensured by the potential form of Eq. (28 I, and 



in particular of Eq. ( [3~T] i. This is different in the variational 
calculation of Ref. [5|, where the wave function was taken 
to be symmetric with respect to the exchange of all particles 
irrespective of their mass differences. 
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FIG. 1. Faddeev calculations of A and E baryons are given by the 
red line. Experimental results as reported by the Particle Data Group 
1101 with uncertainty are given by the green boxes. 
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FIG. 2. The same as Fig.[T|for H and Q baryons. 
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